Abstract. We construct a moduli space for the connected subgroups of an algebraic group and the corresponding universal family. Morphisms from an algebraic variety to this moduli space correspond to flat families of connected algebraic subgroups parametrised by this variety. This moduli space is obtained by gluing together infinitely many irreducible projective varieties of bounded dimension along closed subvarieties.
Introduction
Let G be a complex connected algebraic group, a flat family of subgroups of G parametrised by a variety P is a subvariety H ⊂ G × P such that the projection H → P is a flat morphism and whose scheme-theoretic fiber H p at any p ∈ P is a group subscheme of G. We construct a moduli space and a universal family for the connected subgroups of a complex algebraic group and discuss a few examples: tori, abelian varieties, SL 2 and SL 3 .
1.1. Notations. Let G be a complex connected algebraic group, and g its Lie algebra. We fix an integer k and denote by Γ the set of k-dimensional connected subgroups of G. A connected subgroup H of G is determined by its Lie algebra L (H), as a subalgebra of g, so we denote by Gr(k, g) the Grassmann variety of k-planes in g, by Λ ⊂ Gr(k, g) the variety of k-dimensional Lie subalgebras of g and by A the set A = { L (H) | H ∈ Γ } of algebraic k-dimensional Lie subalgebras of G. The terminology algebraic was introduced by Chevalley [2] . We will take advantage in our construction of the natural operation of G on these sets.
1.2.
Main results and structure. It belongs to moduli space problems that we have to allow more general objects than algebraic varieties in order to obtain a satisfying construction. Namely, we introduce the category of bouquets of algebraic varieties (4.1) , that contains all algebraic varieties and objects obtained by gluing together possibly infinitely many algebraic varieties along closed subvarieties. These bouquets are similar to ind-varieties introduced by Shafarevich [11] and Kumar [7] .
We describe in Section 4 a structure P of bouquet on Γ and show that the set-theoretic universal family
is actually a bouquet-theoretic universal family (4.7). The irreducible components of P are projective varieties and the ones of H are quasi-projective.
Theorem (4.7). Let P be an algebraic variety, and denote by
(1) F the set of flat families of k-dimensional connected subgroups of G parametrised by P; (2) M the set of morphisms from P to P.
Then the map F → M sending a family H to the morphism to Λ mapping p ∈ H to L (H p ) and the map from M → F sending a morphism ψ to the family ψ * H define a natural correspondance between F and M.
The bouquet structure on P is a posteriori defined by the fact that H is a final object in the category of flat families of k-dimensional subgroups of G. The Lie functor L puts Γ and A in a one-to-one correspondence, but the topology induced by Gr(k, g) on Γ is much coarser than it needs to be, with respect to the universal property of H. From the three stages we need to go through before get to the proof of Theorem 4.7-the construction of the moduli space P, of the universal family H and the proof of the universal property-the second one draws most of our efforts. For this we need to show the
Theorem (3.6). Let P be an irreducible constructible subset of Λ. If P is contained in A, then the closureP of P in Λ is also contained in A and H(P) equalsH(P).
Note that restriction of the tautological family H(P) mentioned in the statement of our Theorem 3.6 is flat. The tautological family can be described through to the exponential map of G:
Corollary (3.8). The set exp × id Λ (h(P)) is actually H(P), it is in particular algebraic.
This Corollary is actually equivalent to Theorem 3.6, and we first thought at it as an intermediary result on the road to Theorem 3.6. However we were not able to overcome the difficulties tied to the analytic nature of the exponential map, and had to put things the other way around. Section 3 is devoted to its proof, that is built on two principles: First we do not need to show that all of H(P) is an algebraic variety but we are allowed to work on a smaller set of parameters (see 3.5). Second we observe that some discrete invariants of groups behave semi-continuously in families (see 3.15 and 3.19 ). This observation allows us to find the suitable small subset of parameters over which we are able to prove the algebraicity of the set-theoretic family.
While representation theory of algebraic groups provide us with a wealth of examples of families of algebraic groups (see Example 2.4) it is unwise to expect them having irreducible fibres (see Example 2.5) even in the case of the family is a connected variety. In Section 5, we first show that the set-theoretic family of subgroups of G deduced from an algebraic one by replacing each fibre by its identity component is algebraic as well 5.3. Second, we show how to construct a quotient of a family of subgroups by the family of its identity components 5.7.
If H is a family of loose subgroups of G parametrised by a variety P, we denote by H × P H the fibred Cartesian square of H, it is a family of loose subgroups of G × G parametrised by P whose fibre at p is H p × H p . The morphism ι P restricts to H → H and the morphism µ P to H × P H → H.
Example (General form of families)
. Let X and P be algebraic varieties and V a family of subschemes of X parametrised by P. The stabiliser
is a family of subgroups of G parametrised by P and each family of subgroups of G can be presented as a stabiliser.
2.5. Example (A connected and reducible family). Let T be a torus in G = SL 2 and U a unipotent subgroup of SL 2 such that TU is a Borel subgroup of SL 2 . Let also
be a projective line compactifying U. Consider the operation of SL 2 on itself defined by conjugation and construct the closure V in G × P 1 of
For each u ∈ U the fiber V u is a torus of G and at u ∈ { 0, ∞ } the fibre is a Borel subgroup of G. Now let H = G V be the stabiliser of V in G. At each u ∈ U the fibre H u is the normaliser of the torus V u in G, that is an extension of the Weyl group of G by V u . It has two connected components. At u ∈ { 0, ∞ } the fibre H u is the normaliser of the Borel subgroup V u of G, thus H u = V u . Hence V has two irreducible components that dominates P 1 . We show that is possible to do the quotient of a group by its identity component in families (5.7). Here the quotient space consists of two copies of P 1 glued together along { 0, ∞ }.
Example (A loose family)
. We now give an example of a family of loose subgroups of C 2 that is not a family of subgroups. Let C be the plane cuspidal cubic, whose algebra of regular functions is
2 ), and consider the family H 0 of lines in C 2 meeting C in (0, 0) and a distinct point:
The closure H of H 0 in C 2 × C is defined by the ideal generated by
In this family, each fibre is supported by a line in C 2 , but the fibre at (0, 0) fails to be reduced. Hence this family of loose subgroups of C 2 is not a family of subgroups of C 2 .
3. Differentiation and integration of families 3.1. Differentiation of families of groups. Let G be an algebraic group, P an algebraic variety and let H be a family of subgroups of G parametrised by P. We construct the corresponding family of Lie algebras. For this, we consider the trivial family g × P as a subvariety of the tangent bundle to G × P. 
3.5. Integration of families of Lie algebras. We study the possibility of going backwards in the process of differentiating a flat family of connected subgroups of G. With the notations of the previous section, ψ(P) is a constructible subset of Λ contained into the set A of algebraic subalgebras of g. We show that the integration of a flat family of algebraic Lie algebras is possible, let us introduce some notations before we state our main theorem.
For any subset P of A we write h(P) for the set-theoretic family of subalgebras of g obtained by restricting to P the tautological bundle T → Gr(k, g). For all p ∈ A we denote by H p the connected subgroup of G whose Lie algebra is h p and by H(P) the set-theoretic family of connected subgroups of G defined by
We can now state our main 3.6. Theorem. Let P be an irreducible constructible subset of Λ. If P is contained in A, then the closureP of P in Λ is also contained in A and H(P) equalsH(P).
This theorem follows from Proposition 3.12 and Proposition 3.25 below. For now, we give two corollaries of 3.6: 3.7. Corollary. With the notations of 3.6, H(P) is a flat family of connected subgroups of G whose corresponding family of Lie subalgebras of g is L (H(P)) = h(P).
Proof. We have L (H(P)) = h(P), but the right hand side is the restriction toP of the tautological bundle T → Gr(k, g), so it is a flat family of linear subspaces of g. By A.3, the corresponding family of groups is flat.
3.8. Corollary. The set exp × id Λ (h(P)) is actually H(P), it is in particular algebraic.
Proof. For complex connected algebraic groups, the exponential map is always surjective, so this result follows from 3.6. 
The set of parameters p corresponding to a fibre meeting U is constructible and dense in P, hence it contains a dense open subset V of P. The restriction of the set-theoretic family H to V equals U ∩ (G × V), hence this family is algebraic.
Proposition. Let P be a constructible subset of Λ contained in A. If there is an open subset U ofP contained in P such that H(U) is algebraic, thenP is contained in A and H(P) =H(P), in particular it is algebraic.
Proof. Let V =H(U) the closure of H(U) in G × Λ. By 3.10 this is a family of loose subgroups of G. Considering the zero section of H(U) makes it clear that the projection of V to Λ isP, hence V is parametrised byP. We only have to show that the Lie algebra of the reduced fibre of V at p is h p , since this implies at once that p belongs to A and that V p = H p .
To study V closely we consider neighbourhoods W 0 of 0 in g and W 1 of e in G that are biholomorphic through the exponential map of G. Now let p ∈H \ U and x a closed point in V p ∩ W 1 . Since x belongs to the closure of H(U), there is a curve C in H(U) such that x ∈C. Looking through the exponential we see that exp −1 (C ∩ W 1 ) is contained in h(U). But the family h is locally trivial and the closure of h(U) in g × Gr(k, g) is h(Ū) = h(P). It follows that exp −1 x belongs to h p and that the Lie algebra of the group supported by V p must be equal to h p .
Corollary. Let P be a constructible subset of Λ contained in A. The set-theoretic family H(P) of connected subgroups of G is algebraic if the set-theoretic family H(Q) is algebraic, where Q is
(1) either a dense open subset ofP; (2) or the closure of G · P in Λ; (3) or the intersectionP ∩ T ofP with a subvariety T of Λ such that
is dense inP.
3.14. Corollary. Let G be an algebraic group, P a variety, and Let S be the set of isomorphism classes of semi-simple Lie algebras. We denote the isomorphism class of a semi-simple Lie algebra s by S(s). The set S is countable, ordered by the relation
⇐⇒ there is an injection s 1 → s 2 .
Each non-empty subset of S has at least one minimal element. For each Lie algebra h we denote by S(h) the isomorphism class of a semi-simple part of its Levi-Malcev decomposition.
is Zariski closed in P.
Proof. Consider the variety
Since S(s) is minimal along the isomorphism classes of the semi-simple factors occuring in Levi-Malcev decomposition of fibres of h(P), a morphism from s to h p is either zero or injective. The set P ′ is thus the projection on P of Proof. The algebraic Lie algebra h contains the algebraic hull of any of its Lie subalgebra, and the algebraic hull of a torus is again a torus.
Lemma. Let s be a semi-simple Lie algebra and a a subalgebra of a maximal torus of s. If a is algebraic, then the restriction to a of the Killing form of s is regular.
Proof. Let Φ be the roots of s with respect to a maximal torus of s containing a.
The Killing quadratic form evaluates on a ∈ a to
But a is algebraic, so there is a basis of it such that the α ∈ Φ take integral values on its members. On the rational linear subspace of a spanned by this basis, the Killing quadratic form is positive definite, hence regular. The space a is the complexification of this rational linear subspace a Q and the Killing form is then the complexification of a regular form on a Q , it must be regular as well.
Proof of 3.20 . By Ado's Theorem we can assume that our Lie algebras are subalgebras of some simple Lie algebra s. It follows from the two previous lemmas that for p ∈ P the unipotent radical of h p is the kernel of the map h p → h * p defined by the Killing form of s. The conclusion the follows from Chevalley's Theorem on the dimension of the fibres of a morphism.
Theorem. Let P a locally closed sub-variety of Λ. If P is contained in A and each fibre h p is solvable, then the set-theoretic family H(P) of subgroups of G is algebraic.
Proof. We may assume that G · P = P (3.13 point 2). Let b be a Borel subalgebra of g. The set T of parameters p ∈ P such that h p is contained in b is constructible and meets all orbit of P under the operation of G. By 3.13 point 3, we only need to prove the proposition in the case where P = T. The Lie subalgebra b of G is algebraic, let B be an algebraic subgroup of G such that L (B) = b, note that B · P = P.
Let s be a maximal torus of b, u its unipotent radical, and let m be the maximal rank of the solvable algebras h p for p ∈ P. Since the rank is semi-continuous (3.20) we may use 3.13 a last time to restrict ourselves to the case where each p in P corresponds to a fibre h p meeting s along a m-dimensional subspace.
Since s ∩ h p is an algebraic subtorus of s, it can not move and there is a subtorus s ′ of s such that s ∩ h p = s ′ for all p ∈ P and S ′ a connected subgroup of G whose Lie algebra is s ′ . Now we denote by h u (P) the family of unipotent radical of the fibres of h(P), it is defined by h u (P) = h(P) ∩ (u × P).
The exponential map restricts to an algebraic morphism on u, thus
is an algebraic family of subgroups of G. We conclude with 3.14 that
defines an algebraic family of subgroups of G parametrised by P, and L (H(P)) = h(P).
3.24. Proof of 3.6 -Integration of general families.
3.25. Proposition. Let P be a quasi-projective subvariety of Λ. If P is contained in A then the set-theoretic family H(P) is an algebraic subvariety of G × P.
Proof. Taking 3.13, point 1 and 3.18 into account, we may freely assume that all the semi-simple factors of the fibres h(P) are isomorphic to a fixed semi-simple algebra s. Moreover all semi-simple factors of a Lie algebra are equivalent under the operation of the unipotent isomorphisms of this algebra. We may invoke 3.11, point 3 to restrict ourselves to the case where s is a subalgebra of each fibre of h(P). The unipotent radical of a Lie algebra is the kernel of its Killing form, hence the set-theoretic family h r (P) of Lie subalgebras of g whose fibre at p is the unipotent radical of h p is algebraic. By 3.23 there is an algebraic family H of connected subgroups of G parametrised by P such that L (H) = h r (P). Let S be the connected subgroup of G whose Lie algebra is s, we conclude by 3.14 that (1) For all x ∈ X , one has f XX = X and h XX is the identity map.
(2) For any triple (X, Y, Z) of elements of X , the composition h ZY h YX agrees with h ZX whenever it can be defined.
A gluing pattern on a set of algebraic varieties defines an equivalence relation on the disjoint sum of the elements of X . The quotient space X /(F, h) of this equivalence relation carries a natural structure of ringed space.
The Zariski topology on X /(F, h) is the final topology on the set X /(F, h), with respect to the natural injections X → X /(F, h). Since the various F YX are closed, the maps X → X /(F, h) are closed immersions, the set of irreducible components of X /(F, h) is X , and a subset U of X / (F, h) is open if, and only if, for all X ∈ X , the trace U ∩ X is open in X.
If U is such an open subset of X /(F, h), the ring O(U) of regular functions on U is the subring of the ring
spanned by the elements that define a function on the quotient X /(F, h).
Definition. A bouquet of algebraic varieties is a ringed space X /(F, h).
The name is suggested by the analogy between the gluing pattern of the moduli space for 1-dimensional connected subgroups of SL 3 described in 6.12 and the one of a bouquet of circles in Topology.
Defining a morphism between two bouquets is the same as defining a set of morphisms between their irreducible components, that are compatible with their gluing patterns. In the category of bouquets, one can again glue together a family of bouquets, and obtain a new bouquet.
Note that if E is a vector space and k an integer, the tautological bundle over the Grassmann variety of k-dimensional subspaces of E is a final object in the category of flat families of k-dimensional subspaces of E over a bouquet.
Remark. Bouquets of algebraic varieties are called infinite-dimensional varieties
by Shafarevich [11] or ind-varieties by Kumar [7] . However, these authors seem to have been interested by the case where the variety obtained after gluing is irreducible and infinite dimensional at its general point, while the varieties we are interested in are finite dimensional at their general point, and have infinitely many irreducible components. We thus felt that it would be misleading to refer to the varieties we encountered under one of the afore mentioned names. 4.5. Construction. Let X P be the set of all irreducible subvarieties of Λ that are contained in A and X H the set X H = { H(P) | P ∈ X P } of irreducible subvarieties of G × Λ (3.6). We define a gluing pattern (A, h) P (resp. (A, h) H ) for X P (resp. X H ) by assigning to each pair (P 1 , P 2 ) of elements of X P (resp. X H ) the closed subset P 1 ∩ P 2 of P 1 and the morphism from P 1 ∩ P 2 to P 2 ∩ P 1 obtained by restricting the identical transform of Λ (resp. G × Λ).
4.6. Definition. The bouquet of algebraic varieties P = X P /(A, h) P is the moduli space for connected subgroups of G and H = X H /(A, h) H is the universal family for connected subgroups of G.
The universality of these objects lies in the following 4.7. Theorem. Let P be an algebraic variety, and denote by ( 
1) F the set of flat families of k-dimensional connected subgroups of G parametrised by P; (2) M the set of morphisms of ringed spaces from P to P.

Then the map F → M sending a family H to the morphism to Λ associated with L (H) and the map from M → F sending a morphism ψ to the family ψ * H define a natural correspondance between F and M.
4.8. Remark. One can introduce the category of flat families of connected subschemes of G parametrised by bouquets of algebraic varieties. It follows from Theorem 4.7 that H → P is a final object in this category.
Family of identity components
The set of connected components of an algebraic group is naturally identified with the quotient group of the group by its identity component. We show that the set-theoretic family H o of the identity components of the fibres of H is an algebraic family, and the family of quotients H/H o can be constructed for the general parameter.
5.1. Closedness.
Proposition. Let G be an algebraic group, P a quasi-projective variety, and H a family of loose subgroups of G parametrised by P. For each p ∈ P there is a closed subset F p of H that contains all the identity components of the fibres of H and meets H p exactly along its identity component
Proof. Let K p be any projective completion of G such that the connected components of the closure of H p in K are the closures of the connected components of H p (see B.4), and let Q be any projective completion of P. We consider the inclusion of G × P in K × Q and the Stein factorisation of the projection to Q of the closure X of the image of H in K × Q: 
partial evaluations is finite dimensional, and contains all the spaces
Let δ : P → N be the function defined by p → dim W p and put m = max { δ(P) }.
For each p in P there is a subsystem of (ǫ(p)(w 1 ), . . . , ǫ(p)(w m )) that is a basis of W p . Let γ be a function choosing for each p ∈ P indices in { 1, . . . , m } of such a subsystem. Let Q be the partition of P defined by the function δ × γ. For each Q ∈ Q we set
When p ∈ P belongs to Q ∈ Q, the map d Q does not vanish at p. The ideal of O G spanned by
.8 and 5.1]).
Proof of 5.5. According to the Chevalley structure Theorem [4] , G is an extension of an abelian variety A by an affine group L. We apply the lemma to L and put
We denote by pr Q the projection from P(V) × P(V Q ) to P(V Q ) of the closure of the graph of the projection from P(V) to P(V Q ). The latter is a rational G-invariant map that is defined at [d(p)] for each p ∈ Q.
Starting with K 0 any projective compactification of G we let X = K 0 × P(V) and define the embedding (p), p) . Now choose p ∈ P, Q ∈ Q containing p and consider two different connected components 
Corollary. Let G be an algebraic group, P a variety, and H a family of loose subgroups of G parametrised by P. The projection H → P admits a Stein factorisation
is an algebraic variety, the morphism H → π 0 (H) has connected fibres and the morphism π 0 (H) → P is proper and finite.
The fibre of π 0 (H) at p ∈ P is the group π 0 (H p ), so we were able to perform the quotient H p /H o p in all the fibres of the family H simultaneously. Proof. Let j : H → X × P the embedding provided by 5.5, it is enough to define π 0 on an open cover of P so we may restrict ourselves to the case where P is affine, and admits a projective compactification Q. Now the wished Stein factorisation is obtained by restricting to H → P the Stein factorisation of the projection on Q of the closure of j(H) in X × Q.
6. Examples 6.1. Families of subgroups of tori. Let S be a torus. A 1-parameter subgroup λ of S is characterized by its initial tangent vector λ ′ (1) ∈ s. The correspondence between 1-parameter subgroups and initial tangent vectors induces a group isomorphism between the group of all 1-parameter subgroups of S and the lattice Y ⊂ s of their initial tangent vectors. A connected subgroup of S is a torus as well, and is characterized by the set of its 1-parameter subgroups, hence we have a natural bijection between the set Γ of k-dimensional connected subgroups of S and Gr(k, Y) ⊂ Gr(k, s).
Proposition. Let S be a torus, P a variety and H a family of loose subgroups of S parametrised by P. If each irreducible component of H dominates P, then H is a trivial family.
Proof. We first assume that H is irreducible, so that each fibre is connected (5.3). Let then L (H) ⊂ s × P be the algebraic family whose fiber at p ∈ P is the Lie algebra of H p . This family is equidimensional, hence there is an open subset P o of P such that its restriction to P o is flat. The universal property of the Grassmann variety yields a morphism ψ : P o → Gr(k, g) such that L (H) is the pullback of the tautological bundle on Gr(k, g). But ψ takes its values in Gr(k, Y) which, in the euclidean topology, is a totally discontinuous topological space. Hence ψ is constant and H is a trivial family above P o , it must then be trivial above all of P.
We now treat the case where H may have multiple connected components. By the case where H is irreducible there is a subtorus S ′ of S such that H o = S ′ × P. By Baire's Theorem there is an exponant N ∈ N that kills all the fibres of the image of H in S/S ′ × P. The subgroup C of S consisting of elements killed by N is finite and if C ′ = s ∈ C ∃p ∈ P s ∈ H p then H = C ′ S ′ × P, so it is a trivial family.
6.3. Families of subgroups of abelian varieties. A variation (6.8) on the rigidity lemma for projective morphisms [8] and the Stein factorization enable us to show that families of subgroups of abelian varieties are constant (6.7).
Proposition. Let A be an abelian variety, P a variety and H a family of (loose) subgroups of A parametrised by P. The set-theoretic family
of subgroups of A is an algebraic family of (loose) subgroups of A.
Proof. We show that H o is a closed subset of H. Since being closed in A × P is a local property, we may assume that P is affine, and therefore admits a projective completion X. Now consider the Stein factorisation
of the projection to X of the closureH of H in A × X: the variety X ′ is projective, the morphism f has connected fibers and X ′ → X is finite. We have then Let y 0 be a parameter such that V y 0 is contracted to a point z 0 by f , and let U an affine neighbourhood of z 0 in Z. Proof. Since H is irreducible, it has connected fibres (6.5). Let p be a point of P dominated by a connected fiber H p of H. According to a theorem of Chow [3, Theorem 1] there exists an abelian variety Z and a group homomorphism f 0 : A → Z whose kernel is H p . Let f be the restriction to H of f 0 × id P . The fiber at p is contracted by f to the unit element of Z, hence it follows from Lemma 6.8 that f can be factorized out through the projection pr P of H → P. Consequently, each fiber H q of H is contained in the kernel H p of f 0 . We conclude with the theorem on the dimension of the fibers of a morphism that there is an open subset V of P above which each fiber actually equals H p . But H is irreducible and equals the closure of H p × V in A × P that is, that the family H is trivial. Proof. By Baire's Theorem, there is a common exponent N ∈ N that kills all the fibres of H. But the subgroup B of A consisting of its elements of order N is finite, and H is a subvariety of B × P. Since each irreducible component of H dominates P, this subvariety is of the form B ′ × P for some subgroup B ′ of B.
Proof of 6.7 . By 6.6 the family H o of connected components of H is irreducible, and by 6.9 it must be trivial. Let B be the connected closed subgroup of A such that H o = B × P. According to Chow [3, Theorem 1] there is an abelian variety Z and a morphism of algebraic groups f : A → Z whose kernel is B.
We denote by f P the morphism A × P → Z × P associated to f and by f P (H) the image of H through this morphism. It is a closed subvariety of Z × P, and defines a family of loose finite subgroups of Z whose irreducible components dominate P. We conclude by 6.10 that his family is trivial, of the form B ′ × P. Hence H = f −1 (B ′ ) × P is also a trivial family.
6.11. Universal family for SL 2 . We proceed in two steps, analysing first the onedimensional subgroups and second the two-dimensional subgroups. We let G = SL 2 .
One-dimensional subgroups. The operation of G on P(g) = Gr(k, g) has two orbits: the closed orbit is the set of nilpotent elements in P(g) and the open one is the set of semi-simple elements. Thus each one-dimensional Lie subalgebra of g is algebraic: A 1 = P(g) and the universal family of one-dimensional subgroups of G is a smooth irreducible variety of dimension 3.
Two dimensional subgroups. A 2-dimensional subgroup of G is a Borel subgroup B. According to the theory of reductive groups, their set Γ is the variety G/B ≃ P 1 . The universal family of 2-dimensional subgroups of G is the saturation with respect to the operation of G of the set
This is a smooth irreducible algebraic variety of dimension 3.
6.12. Universal family of one-dimensional subgroups of SL 3 . This example demonstrates the hairy structure of the moduli space, while remaining tractable. We let G = SL 3 and describe the moduli space of one-dimensional subgroups of G.
Our first task is to describe A 1 as a set, to do this we take advantage of the operation of G on Λ = P(g). It follows from the Chevalley-Jordan decomposition that the tangent space to a one-dimensional subgroup of G is either spanned by a semi-simple element of g or by a nilpotent element. The group G has two nilpotent orbits N 6 , N 3 in P(g) whose dimensions are respectively 6 and 3, each of them is included in A. In order to parametrize the semi-simple orbits of G in A, we introduce a torus S of G and A(S) 1 ⊂ A 1 the countable set of the algebraic Lie 1-dimensional subalgebras of L (S). Since any semi-simple element in P(g) is G-conjugated to an element of L (S), we may conclude that
is the partition of A 1 in G-orbits. An irreducible subvariety of Λ 1 contained in A 1 .
Appendix A. Observation of flatness through a biholomorphism Let X be an algebraic variety and O X its structural sheaf. We denote by X an the corresponding analytic variety and by O an X the sheaf of holomorphic functions on X an . Note that X is endowed with its Zariski topology while X an is with its euclidean one. We denote by φ the natural map X an → X. It is is a morphism of ringed spaces, that enables us to define the analytic extension F an of a sheaf F of O X -modules by
this is a sheaf of O an X -modules. Serre [10] Proof. Let L operate on G × X by l · (g, x) = (gl −1 , lx). This is a free action and the geometric quotient G × L X exists [5] . It fulfills the conclusions of the proposition. Proof. Let x 1 and x 2 two points in X and assume that Gx 1 and Gx 2 have a common point. These two orbits are then equal, and there is g ∈ G sending x 1 to x 2 . Using the projection G × L X → G/L, one sees that g belongs to L, so that Lx 1 = Lx 2 .
Let G be an algebraic group, by Chevalley structure Theorem [4] , there is an exact sequence of algebraic groups Let X = G × L P(E) and K 0 be any projective completion of G. We consider the morphism θ : G → K 0 × X g → (g, gD) and claim that the closure K of θ(G) in K 0 × X is a suitable compactification.
Assume that H has multiple connected components and let 
